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1Module 1: Limits and continuity

What is covered?
In this module, we revise different types of limits and apply limit laws. 
We then look at the applications of L’Hospital’s rule to indeterminate 
functions. This rule finds the limit after differentiating the numerator and 
denominator.

That is, if

​​lim​ 
x→a

​ ​​ 
f ​ (x)​

 _ g​ (x)​​ = ​{​ 
​0 _ 0​
​ 

​∞ _ ∞​
​​​  

then

​lim​ 
x→a

​ ​​ 
f ​ (x)​

 _ g​ (x)​ ​ = ​​lim​ 
x→a

​ ​​​ 
f '​ (x)​

 ____ g'​ (x)​​​

We also investigate the conditions for continuity and determine whether a 
function is continuous or discontinuous at a specific point.

Subject outcomes

After studying this module, you should be able to:
	■ understand limits and apply limit laws
	■ state the conditions for continuity and determine whether a function is 

continuous or discontinuous at a specific point.

Maximum height

Every tree has its 
maximum height, 
depending on the 
species it belongs to. 
The maximum height 
for a Douglas fir tree is 
138 metres. This is the 
height limit for one of the 
world’s tallest trees.

Limits and continuity1
Module

Figure 1.1  Worm's eye view of giant Douglas fir trees in Perthshire, Scotland
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2 Module 1: Limits and continuity

LEARNING OUTCOMES

	■ Understand limits and use limit laws.
	■ Apply L’Hospital’s rule (differentiate the numerator and denominator) to 

indeterminate functions.

Introduction
Limits are central to understanding the behaviour of functions; the limit concept is 
the core of all calculus studies. Mathematical modelling and the use of calculus in 
engineering fields rely on your understanding of limits. In simple terms, a limit is 
used to describe a function when its input approaches a specific value (near a point 
but not necessarily at that point). We say that it is arbitrarily close to a point but it is 
not dependent on the value of the function at that point.

1. Limits and limit laws
Let f (x) be a function defined on an interval that contains ​x = a​, but may exclude ​a​.
We write:

​​lim​ 
x→a 

​ ​f (x) = L​

where ​L​ is the limit of ​f (x)​ as ​x​ approaches ​a​.
For this definition to hold, we need the left-hand limit and the right-hand limit of 
​f (x)​ to both be equal to ​L​ as ​x → a​ from left and from right.

​​lim​ 
x→a

​ ​ f (x) = L​ if and only if ​​ lim​ 
x→​a​​ −​

​ ​  f (x) = L​ and ​​ lim​ 
x→​a​​ +​ 

​​f (x) = L​

For example, given ​f ​ (x)​ = 2​x​​ 3​​. 
As ​x​ approaches 1 from both 
sides, ​f (x)​ approaches 2.
So,
	​​ lim​ 

x→1
​ ​2​x​​ 3​ = 2​

Unit 1: �Limits

4

3

2

1

1 2 3 4–4 –3 –2 –1

–1

–2

–3

–4

0

y

x

y = 2x3

(1; 2)

Figure 1.2  The graph of f (x) = 2x3
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3 Unit 1: Limits

In another example, given

​f ​ (x)​ = ​{​
2​x​​ 3​, x < 1

​ 
  x, x ≥ 1

​​​

As ​x​ approaches 1, ​f  (x)​ approaches 2 from the left, but 1 
from the right.
So,

​​ lim​ 
x→​1​​−​

​ ​  f  (x) = 2​ and ​​ lim​ 
x→​1​​+​

​ ​ f  (x) = 1​

In this case, ​​lim​ 
x→1

​ ​2​x​​ 3​​ does not exist, because the left-hand and 

the right-hand limits are not the same.

Infinite limits
Let ​f (x)​ be a function defined on both sides of ​x = a​, 
but possibly excluding ​a​.
Then

​​lim​ 
x→a

​ ​ f (x) = ∞​

means that as the value of ​x​ gets close to ​a​, the values of ​f (x)​ get infinitely large.
On the graph of ​f (x)​ the line ​x = a​ is called a vertical asymptote.
For example, in Figure 1.3, ​x = −1​ is a vertical asymptote of ​f​ and we have the 
following limit:

​​  lim​ 
x→−​1​​−​

​​ f (x) = ∞​ and ​​  lim​ 
x→−​1​​+​

​​ f (x) = ∞​, so ​​ lim​ 
x→−1

​​ f (x) = ∞​
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Figure 1.4  x = –1 is a vertical asymptote of f
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Figure 1.3  The graph of f (x) = ​​{​
2​x​​ 3​, x < 1

​ 
x, x ≥ 1

​​​

Keyword
vertical asymptote: the 
vertical line ​x = a​ where 
at least one of the limits 
of ​​f (x)​​ is ​±∞​
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4 Module 1: Limits and continuity

In the example in Figure 1.4, ​x = −1​ is a vertical asymptote of ​f​ and we have:
​​  lim​ 
x→−​1​​−​

​​ f  (x) = −∞​ and ​​  lim​ 
x→−​1​​+​

​​ f  (x) = +∞​, so ​​ lim​ 
x→−1

​​ f  (x)​ doesn’t exist, because the 

corresponding one-sided limits are not equal.

10

5

1 2 4–4 –3 –2 –1

–5

–10

0

y

x

Figure 1.5  x = –1 is a vertical asymptote of f

Limit laws
In N4 Mathematics you used the limit laws to calculate limits. You used the direct 
substitution property and learnt that sometimes you need to manipulate the 
algebraic expression first before finding the limit. You also used simplification, 
rationalisation and division by the highest power of ​x​.

LIMIT LAWS

Given two functions, f ​​ (x)​​ and g​​ (x)​​, such that the limits ​ lim​ 
x→a

​ ​ f ​​ (x)​​ and ​ lim​ 
x→a

​ ​g​​ (x)​​ exist.

Then the following limit laws apply:

Law 1:	​  lim​ 
x→a

​ ​​[ f ​ (x)​ + g​ (x)​]​ = ​ lim​ 
x→a

​ ​ f ​​ (x)​​ + ​ lim​ 
x→a

​ ​g​​ (x)​​

Law 2:	​  lim​ 
x→a

​ ​​[ f ​ (x)​ − g​ (x)​]​ = ​ lim​ 
x→a

​ ​ f ​​ (x)​​ − ​ lim​ 
x→a

​ ​g​​ (x)​​

Law 3:	​​  lim​ 
x→a

​ ​​[cf ​ (x)​]​ = c ​ lim​ 
x→a

​ ​ f (x)​	 where ​c​ is a constant

Law 4:	​  lim​ 
x→a

​ ​​[ f ​ (x)​g​ (x)​]​ = ​ lim​ 
x→a

​ ​ f ​​ (x)​​ ∙ ​ lim​ 
x→a

​ ​g​​ (x)​​

Law 5:	​​  lim​ 
x→a

​ ​​[​ 
f ​ (x)​

 _ g​ (x)​​]​ = ​
​ lim​ 
x→a

​ ​ f ​ (x)​
 _ ​ lim​ 

x→a
​ ​g​ (x)​ ​​	 if ​ lim​ 

x→a
​ ​g​​ (x)​​ ≠ 0

Law 6:	​  lim​ 
x→a

​ ​​​[ f ​ (x)​]​​​n​ = ​​​[​ lim​ 
x→a

​ ​​ f ​ (x)​​]​​​ 
n​​	 where ​n​ is a positive integer

Law 7:	​​  lim​ 
x→a

​ ​k = k​	 where ​k​ is a constant, k ∈ ℝ

Law 8:	​​  lim​ 
x→a

​ ​x = a​

Law 9:	​​  lim​ 
x→a

​ ​​x​​ n​ = ​a​​ n​​	 where ​n​ is a positive integer

Law 10:	​​  lim​ 
x→a

​ ​​n √ 
_

 x ​ = ​n √ 
_

 a ​​	 where ​n​ is a positive integer

Law 11:	​  lim​ 
x→a

​ ​​
n
 √ 
__

 f (x) ​ = ​​n √ 
______

 ​ lim​ 
x→a

​ ​ f (x) ​​	 where ​n​ is a positive integer

Remember
Special limits

	■ ​​  lim​ 
x→±∞ 

​​​1 _ x ​ = 0​

	■ ​​  lim​ 
x→±∞ 

​​​ k _ ​x​​ n​​ = 0​

	■ ​​ lim​ 
x→∞

​ ​​e​​ x​ = ∞​

	■ ​​  lim​ 
x→−∞

​​​ e​​ x​ = 0​

	■ ​​ lim​ 
x→∞

​ ​ln x = ∞​

	■ ​​ lim​ 
x→​0​​+​

​​ln x = −∞​ 

(right-hand limit)

Keyword
direct substitution 
property: if ​f​ is a 
polynomial or a rational 
function, then
​​ lim​ 
x→a

​ ​ f ​ (x)​ = f ​ (a)​​.

( f ​​ (a)​​ must be defined. In 
other words, a is in the 
domain of f.)
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5 Unit 1: Limits

Worked example 1.1

Given the functions ​f ​ (x)​ = 3​x​​ 2​ − 16x − 12​ and ​g​ (x)​ = 3x + 2.​
Using limit laws and direct substitution, evaluate the following limits:

1.	​​  lim​ 
x→0

​ ​​[3f ​ (x)​]​​	

2.	​​  lim​ 
x→−3

​​​[ f ​ (x)​ + 2g​ (x)​]​​

3.	​​  lim​ 
x→1

​ ​​[3f ​ (x)​ − g​ (x)​]​​	

4.	​​  lim​ 
x→−1

​​​[ f ​ (x)​g​ (x)​]​​

5.	​​  lim​ 
x→−4

​​​​√ 
___

 f ​ (x)​​​

Solutions

1.	​  lim​ 
x→0

​ ​​[3f  ​ (x)​]​ = 3​ lim​ 
x→0

​ ​​ ​​[ f  ​ (x)​]​​	 Law 3

		​  = 3​ lim​ 
x→0

​ ​​[3​x​​ 2​ − 16x − 12]​​

		​  = 3​ (0 − 0 − 12)​ = 3​ (−12)​ = −36​	 direct substitution

2.	​  lim​ 
x→−3

​​​[ f ​ (x)​ + 2g​ (x)​]​ = ​ lim​ 
x→−3

​​ f ​​ (x)​​ + ​ lim​ 
x→−3

​​2g​​ (x)​​	 Law 1

		  = ​ lim​ 
x→−3

​​ f ​​ (x)​​ + 2​ lim​ 
x→−3

​​g​​ (x)​​	 Law 3

		​  = ​ lim​ 
x→−3

​​​​[​​3​x​​ 2​ − 16x − 12​]​​​ + 2​ lim​ 
x→−3

​​​​[​​3x + 2​]​​​​

		​​  = ​[​​3​(​​−3​)​​2 − 16​(​​−3​)​​ − 12​]​​ + 2​[​​3​(​​−3​)​​ + 2​]​​​​	 direct substitution

		  = 27 + 48 − 12 − 18 + 4 = 49

3.	​  lim​ 
x→1

​ ​​[3f ​ (x)​ − g​ (x)​]​ = ​ lim​ 
x→1

​ ​3f ​​ (x)​​− ​ lim​ 
x→1

​ ​g​​ (x)​​	 Law 2

		  = 3​ lim​ 
x→1

​ ​f ​​ (x)​​− ​ lim​ 
x→1

​ ​g​​ (x)​​	 Law 3

		​  = 3​ lim​ 
x→1

​ ​​​[​​3​x​​ 2​ − 16x − 12​]​​​ + ​ lim​ 
x→1

​ ​​​[​​3x + 2​]​​​​

		​​  = 3​ (3 − 16 − 12)​ + ​(​​3 + 2​)​​​​	 direct substitution

		​  = 9 − 48 − 36 + 5 = −70​

4.	​  lim​ 
x→−1

​​​[ f  ​ (x)​g​ (x)​]​ = ​ lim​ 
x→−1

​​f  ​​ (x)​​ ∙ ​ lim​ 
x→−1

​​g​​ (x)​​	 Law 4

		​  = ​ lim​ 
x→−1

​​​​[​​3​x​​ 2​ − 16x − 12​]​​​ ∙ ​ lim​ 
x→−1

​​​​[​​3x + 2​]​​​​

		​  = [3​​ (−1)​​​2​ − 16​ (−1)​ − 12] ∙ [3​ (−1)​ + 2]​	 direct substitution

		​  = ​ (3 + 16 − 12)​​ (−1)​ = −7​

	 In the limits above, we also used Laws 7, 8 and 9. 
Try to identify places where these laws were used.

5.	​​  lim​ 
x→−4

​​​√ 
_

 f  ​ (x)​​ =​ ​​ lim​ 
x→−4

​​​√ 
_____________

  3​x​​ 2​ − 16x − 12​​

		​  = ​√ 
__________________

  ​ lim​ 
x→−4

​​​[3​x​​ 2​ − 16x − 12]​​​	 Law 11

		​  = ​√ 
____________________

   ​[3​​ (−4)​​​2​ − 16​ (−4)​ − 12]​​ = ​√ 
_

 100​ = 10​	 direct substitution
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6 Module 1: Limits and continuity

Worked example 1.2

Find ​​ lim​ 
x→−​2 _ 3​

​​​[​3​x​​ 2​ − 16x − 12  ____________ 3x + 2 ​ ]​​

Solution

Apply Law 5: ​​

​ lim​ 
x→−​2 _ 3​

​​​​[​​3​x​​ 2​ − 16x − 12​]​​​

  ________________  ​ lim​ 
x→−​2 _ 3​

​​​​[​​3x + 2​]​​​  ​​			 

But ​​ lim​ 
x→−​2 _ 3​

​​​​[​​3x + 2​]​​​ = ​[3​ (−​2 _ 3​)​ + 2]​ = −2 + 2 = 0​

So, we need another way of finding this limit.

​3​x​​ 2​ − 16x − 12  ____________ 3x + 2 ​  = ​
​ (3x + 2)​​ (x − 6)​

  ____________ 3x + 2 ​  = x − 6	�  factorise the numerator and cancel out the 
common factor

Now, ​​ lim​ 
x→−​2 _ 3​

​​​​[​​x − 6​]​​​ = −​2 _ 3​ − 6 = −6​2 _ 3​​

So, ​​ lim​ 
x→−​2 _ 3​

​​​[​3​x​​ 2​ − 16x − 12  ____________ 3x + 2 ​ ]​ = −6​2 _ 3​​

Worked example 1.3

Evaluate ​​ lim​ 
x→∞

​ ​​3​x​​ 8​ − 2​x​​ 3​ _ 
6​x​​ 4​ − 7​x​​ 5​

 ​​

Solution

In this limit, both the numerator and the denominator approach ​∞​ as ​x → ∞​.
One way of evaluating this limit is to divide each term by the highest power of ​x​ in 
the denominator. In this example, this is ​​x​​ 5​​.

So, ​​3​x​​ 8​ − 2​x​​ 3​ _ 
6​x​​ 4​ − 7​x​​ 5​

 ​ = ​
​3​x​​ 8​ _ 
​x​​ 5​

 ​ − ​2​x​​ 3​ _ 
​x​​ 5​

 ​
 _ 

​6​x​​ 4​ _ 
​x​​ 5​

 ​ − ​7​x​​ 5​ _ 
​x​​ 5​

 ​
 ​ = ​

3​x​​ 3​ − ​ 2 _ 
​x​​ 2​

​
 _ 

​6 _ x ​ − 7
  ​​

Now we can use the limit laws to evaluate the given limit:

​​ lim​ 
x→∞

​ ​​ 3​x​​ 8​ − 2​x​​ 3​ _ 
6​x​​ 4​ − 7​x​​ 5​

 ​ = ​ lim​ 
x→∞

​ ​​ 
3​x​​ 3​ − ​ 2 _ 

​x​​ 2​
​
 _ 

​6 _ x ​ − 7
  ​ �= ​ 

​ lim​ 
x→∞

​ ​3​x​​ 3​ − ​ lim​ 
x→∞

​ ​​ (​ 2 _ 
​x​​ 2​

​)​
  ______________  

​ lim​ 
x→∞

​ ​​6 _ x ​ − ​ lim​ 
x→∞

​ ​7
 ​​  

​= ​ 
3​ lim​ 

x→∞
​ ​​x​​ 3​ − 2​ lim​ 

x→∞
​ ​​ (​ 1 _ 

​x​​ 2​
​)​
  _____________  

6​ lim​ 
x→∞

​ ​​1 _ x ​ − ​ lim​ 
x→∞

​ ​7
  ​ = ​ ∞ − 0 _ 0 − 7 ​ = ​ ∞ _ −7 ​ = −∞​

Worked example 1.4

Find ​​ lim​ 
x→0

​ ​​​
√ 
_

 ​x​​ 3​ + 4​ − 2 _ 
​x​​ 3​

  ​​

Solution

In this example, direct substitution doesn’t work: ​​​
√ 
_

 ​0​​3​ + 4​ − 2 _ 0  ​ = ​​
√ 
_

 4​ − 2 _ 0  ​ = ​0 _ 0​​
We can use another method to rationalise the numerator (because the square root is 
in the numerator).
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7 Unit 1: Limits

​​ ​
√ 
_

 ​x​​ 3​ + 4​ − 2 _ 
​x​​ 3​

  ​ = ​ 
​(​​​√ 
_

 ​x​​ 3​ + 4​ − 2​)​​​(​​​√ 
_

 ​x​​ 3​ + 4​ + 2​)​​
   _______________________  

​x​​ 3​​(​​​√ 
_

 ​x​​ 3​ + 4​ + 2​)​​
  ​ = ​ 

​​ (​√ 
_

 ​x​​ 3​ + 4​)​​​
2
​ − ​​ (2)​​​2​
  _____________  

​x​​ 3​​(​​​√ 
_

 ​x​​ 3​ + 4​ + 2​)​​
 ​​

​= ​  ​x​​ 3​ + 4 − 4  _____________  
​x​​ 3​​(​​​√ 
_

 ​x​​ 3​ + 4​ + 2​)​​
 ​ = ​  ​x​​ 3​ ____________  

​x​​ 3​​ (​√ 
_

 ​x​​ 3​ + 4​ + 2)​
 ​ = ​  1 __________ 

​√ 
_

 ​x​​ 3​ + 4​ + 2

 ​​Now we can find the limit:

​​ lim​ 
x→0

​ ​​ ​
√ 
_

 ​x​​ 3​ + 4​ − 2 _ 
​x​​ 3​

  ​ = ​ lim​ 
x→0

​ ​​  1 __________ 
​√ 
_

 ​x​​ 3​ + 4​ + 2
 ​ = ​  1 _ 

​√ 
_

 0 + 4​ + 2
 ​ = ​ 1 _ 4 ​​

ACTIVITY 1.1� Finding limits using limit laws

1.	 Calculate the limits.

a)	​​  lim​ 
x→−​π _ 2 ​

​​ ​ (​csc x​ − sin x)​​	 b)	​​  lim​ 
x→0

​ ​​  x​e​​ x​ _ 
​x​​ 2​​e​​ x​ − x

​​

c)	​​  lim​ 
x→∞

​ ​​ (−​ 2 _ lnx​ − ​1 _ x ​)​​	 d)	​​  lim​ 
x→−1

​​​ ​x​​ 4​ − 2​x​​ 3​ + 6x − 3  ______________  
​x​​ 3​ − 2​x​​ 2​ + 7x − 1

​​

2.	 Given the functions ​f ​ (x)​ = ​x​​ 2​ − 6x + 9​ and ​g​ (x)​ = x − 3​.
	 Evaluate the following limits:

a)	​​  lim​ 
x→0

​ ​​[ f ​​ (x)​​​2​]​​	 b)	​​  lim​ 
x→−5

​​​[ f ​ (x)​ − ​
3
 √ 
______

 g​ (x)​ ​]​​

c)	​​  lim​ 
x→−2

​​​[−3f ​ (x)​ + g​ (x)​]​​	 d)	​​  lim​ 
x→0

​ ​​[ f ​ (x)​g​ (x)​]​​

e)	​​  lim​ 
x→3

​ ​​ 
​√ 
_

 f ​ (x)​​
 _ 1 − g​ (x)​​ ​

3.	 Determine the following limits:

a)	​​  lim​ 
x→0

​ ​​ (​arctan 4x _ arccos 3x ​)​​

b)	​​​  lim​ 
x→1

​ ​​​(​​​e​​ x​​ ln x)​​

c)	​​  lim​ 
x→0

​ ​​​4​​x​ + ​2​​x​ _ 
​x​​ 2​ − 1

 ​​

4.	 Find ​​  lim​ 
x→−∞

​​​[​3​x​​ 2​ − 12x _ 3x  ​]​​

5.	 Evaluate:

a)	​​  lim​ 
x→∞

​ ​​[​  2​x​​ 9​ + ​x​​ 6​ _ 
−2​x​​ 4​ + 11​x​​ 7​

​]​​

b)	​​   lim​ 
x→−∞

​​​[​ 7​x​​ 2​ − 3x + 1  ___________  
−3​x​​ 2​ + x + 5

​]​​

6.	 Find the limits.

a)	​​  lim​ 
x→0

​ ​​3 − ​√ 
_

 9 − 2x​ _ x  ​​

b)	​​  lim​ 
x→0

​ ​​  −3x _ 
​√ 
_

 x + 1​ − 1
​​

7.	 Given ​ln ​y​​ 2​ = ​ lim​ 
x→0

​ ​​ ​e​​ 
x​ − 1 _ 

​x​​ 2​ + 1
​​, calculate the numerical value of:

a)	​ ln ​y​​ 2​​

b)	​ y​

PAIR
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8 Module 1: Limits and continuity

2. L’Hospital’s Rule
In the previous section we used different methods for finding limits that give ​​0 _ 0​​ or ​​∞ _ ∞​​ 
when directly substituting the ​x​-value. For example,

​​lim​ 
x→2

​ ​​​x​​ 2​ − 4 _ x − 2 ​​ would give ​​0 _ 0​​ if we substitute ​x = 2​ directly, and

​​ lim​ 
x→∞

​ ​​2​x​​ 3​ + 1 _ 
1 − ​x​​ 3​

 ​​ would give ​​ ∞ _ −∞​​ if we substitute ​∞​ into the expression without 

manipulating it first.

These types of limits are called indeterminate.

Some of these limits are not easy to manipulate algebraically, such as

​​lim​ 
x→0

​ ​​sin x _ 
​x​​ 2​

 ​​  or ​​ lim​ 
x→∞

​ ​​ln x _ x  ​​.

L’Hospital’s Rule is used to evaluate limits of the form ​​lim​ 
x→a

​ ​​ 
f ​ (x)​

 _ g​ (x)​ ​​

where both ​​f ​(​​x​)​​ → 0​​ and ​​g​(​​x​)​​ → 0​​ as ​x → a​ or both ​​f ​(​​x​)​​ → ±∞​​ 
and ​​g​(​​x​)​​ → ±∞​​ as ​x → a.​

These limits are called indeterminate forms of the type ​​0 _ 0​​ or ​​∞ _ ∞​​.

The other types of indeterminate limits that we will be working with are: 
​0 × ∞​, ​​0​​0​​, ​∞ − ∞​.

These need to be manipulated in order to obtain the quotient form of the type ​​0 _ 0​​ or ​​∞ _ ∞​​.

L’Hospital’s rule gives us a way to deal with limits that are indeterminate. This 
rule tells us that to find the limit, we need to differentiate the numerator and the 
denominator and take the limit of the resulting fraction.
That is, if

​​lim​ 
x→a

​ ​​ 
f ​ (x)​

 _ g​ (x)​ ​ = ​{​ 
​ 0 _ 0 ​

​ 
​ ∞ _ ∞ ​

​​​

then

​lim​ 
x→a

​ ​​ 
f ​ (x)​

 _ g​ (x)​ ​ = ​​lim​ 
x→a

​ ​​​ 
f '​ (x)​

 ____ g'​ (x)​ ​​

where ​a​ is any real number or ​±∞​.

It is important to check that the given functions satisfy these conditions:

	​​ lim​ 
x→a

​ ​f (x) = 0​	 and	​​ lim​ 
x→a

​ ​g(x) = 0​

or	​​ lim​ 
x→a

​ ​f (x) = ±∞​	 and	​​ lim​ 
x→a

​ ​g(x) = ±∞​

Keyword
indeterminate: Not 
defined; indeterminate 

limits of the form ​​0 _ 0​​, ​​∞ _ ∞​​, 

​0 × ∞​, ​​0​​0​​, ​∞ − ∞​
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9 Unit 1: Limits

Summary of differentiation rules

General rules

Power rule
​y = ​x​​ n​​ ​​ 

dy
 _ dx ​ = n​x​​ n−1​​

Constant rule
 ​y = k​ ​​ 

dy
 _ dx ​ = 0​

Multiple rule ​ d _ dx ​​[cf ​ (x)​]​ = cf '(x)

Sum rule  ​​[ f (x) + g(x)]​​' = f '(x) + g'(x)

Difference rule  ​​[ f (x) − g(x)]​​' = f '(x) − g'(x)

Product rule  ​​[ f (x) × g(x)]​​' = f '(x)g(x) + f (x)g'(x)

Quotient rule ​​[ ​ 
f (x) ___ g(x) ​]​​

'
 = ​​ 

f '(x)g(x) − f (x)g'(x)  ______________ 
​[g(x)]​2 ​​

Trigonometric functions

sine function: ​f ​ (x)​ = sin x​ f '(x) = cos x

cosine function: f ​​ (x)​​ = cos x f '(x) = −sin x

tangent function: f ​​ (x)​​ = tan x f '(x) = ​sec​​2​ x = ​  1 _ 
​cos​​2​ x

 ​

cotangent function: f ​​ (x)​​ = cot x f '(x) = −​cosec​​2​ x = −​  1 _ 
​sin​​2​ x

 ​

secant function: f ​​ (x)​​ = sec x f '(x) = sec x tan x

cosecant function: f ​​ (x)​​ = cosec x f '(x) = −cosec x cot x

Exponential and logarithmic functions

Exponential function
f ​ (x)​ = ​e​​ x​

f '(x) = ​e​​ x​

Exponential function
f ​​ (x)​​ = ​a​​ x​

f '(x) = ​a​​ x​ ln a

Natural logarithm function
f ​​ (x)​​ = ln |x|

f '(x) = ​ 1 _ x ​

Logarithmic function
f ​​ (x)​​ = ​log​ a​​x

f '(x) = ​  1 _ x ln a ​

M
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10 Module 1: Limits and continuity

Worked example 1.5

Use L’Hospital’s rule to fi nd the following limits�

1.    lim 
x→3

x2 − 9______
x − 3    2.    lim 

x→1

x3 − 2 x2 − 5x + 6  _______________  
2 x3 − 2 x2 + 3x − 3

3.    lim 
x→0

sinx_
x 4.    lim 

x→∞
lnx_
x

Solutions

1. First fi nd the limits of the numerator and denominator separately�

    lim 
x→3

(x2 − 9 ) =  3  2 − 9 = 0  and    lim 
x→3

(x − 3 ) = 3 − 3 = 0 

 This is an indeterminate form   0_0   and we can apply L’Hospital’s rule�

    lim 
x→3

x2 − 9______
x − 3    =    lim 

x→3

(x2 − 9)′_______
(x − 3)′   =   lim 

x→3

2x_
1 = 6

2. First fi nd the limits of the numerator and denominator separately�

   
  lim 
x→1

   
_
  lim 
x→1

        
(x3 − 2 x2 − 5x + 6 )

  _________________  
(  2 x3 − 2 x2 + 3x − 3 )

  =    
(1)3 − 2(1)2 − 5(1) + 6

  ___________________  
2(1)3 − 2(1)2 + 3(1) − 3

    =  1 − 2 − 5 + 6  ___________  2 − 2 + 3 − 3 =  0_0

 So, this is an indeterminate limit of the form   0_0  �

Use L’Hospital’s rule:

    lim 
x→1

 (x3 − 2 x2 − 5x + 6)′
  _________________  

(2 x3 − 2 x2 + 3x − 3)′
    =   lim 

x→1

3 x2 − 4x − 5___________
6 x2 − 4x + 3

=    
3(1)2 − 4(1) − 5

  _____________  
6(1)2 − 4(1) + 3

    =  3 − 4 − 5_
6 − 4 + 3 = −6_

5

3. Using direct substitution we get:    lim 
x→0

sinx_
x =  sin0_

0 =  0_0
Use L’Hospital’s rule:

    lim 
x→0

(sinx)'_____
x'    =   lim 

x→0

cosx_
1 =  1_1 = 1

4.   lim 
x→∞

lnx_
x =    lim 

x→∞

(lnx)'____
x'    =   lim 

x→∞

(1_
x)_
1 =   lim 

x→∞
1_
x = 0

Sometimes, you will need to apply L'Hospital's rule more than once to fi nd the limit�

Worked example 1.6

Find the limit:

    lim 
x→0

sinx − x_
1_
2x2

Solution

First fi nd the limits of the numerator and denominator separately�

lim 
x→0

sinx − x_
1_
2x2

=  
lim 
x→0

     (  sinx − x)
___________

lim 
x→0

     (
1_
2x2

)
=  0 − 0_

0 =  0_0     indeterminate form

Use L’Hospital’s rule:

lim 
x→0

sinx − x_
1_
2x2

=   lim 
x→0

(sinx − x)′  _

(
1_
2x2

)′  
=   lim 

x→0

cosx − 1_
1_
2 × 2x

=  1 − 1_
0 =  0_0   indeterminate form

lim 
x→0

cosx − 1_
x =   lim 

x→0

(  cosx − 1 )′_________
x′    =   lim 

x→0

−sinx_
1 =  −0_

1 = 0 

So,    lim 
x→0

sinx − x_______
1_
2x2

   = 0 �

     indeterminate form

   indeterminate form
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11 Unit 1: Limits

Worked example 1.7

Calculate the following limits:
1.    lim 

x→∞
(ex −  x2) 2.    lim 

x→∞
   (

1_
ex ∙  2  x)

3.    lim 
x→ 1  +

(x2 − 2x + 1 )x−1

Solutions

1.    lim 
x→∞

     (ex −  x2) =   lim 
x→∞

     (ex) −   lim 
x→∞

     (x2) = ∞ − ∞ 

First manipulate the limit�

 Multiply and divide by   ex  :

    lim 
x→∞

(ex −  x2) =   lim 
x→∞

(ex −  x2) ×  e
x_

ex   =   lim 
x→∞

ex (1 −   x
2_

ex  )      The limit of product is the 
product of limits and
lim ex =  ∞ 

 Use L’Hospital’s rule twice:   lim 
x→∞(

x2_
ex  ) =    

lim
x→∞

     (x2)'
______
lim
x→∞

     (ex)'    =    
lim
x→∞

     (2x)'
______
lim
x→∞

     (ex)'    =  
  lim 
x→∞

   2
_
  lim 
x→∞

    ex = 0

 So,   lim 
x→∞

 (ex  − x2) =   lim 
x→∞

(ex) = ∞

2.     lim 
x→∞

    (
1_
ex ∙  2  x) =   lim 

x→∞
     (

1_
ex) ∙   lim 

x→∞
     (   2  x) = 0 ∙ ∞

First manipulate the limit�

  1_ex ∙ 2x =   2  x_
ex =   (2_

e)
x

Now, take the limit:

    lim 
x→∞

   (
1_
ex   ∙  2  x) =   lim 

x→∞
   (2_

e)
x

= 0

3.   lim 
x→ 1  +

(x2 − 2x + 1 )x−1 = (   1  2 − 2(1) + 1 )1−1 = 00

First manipulate the limit�

  y =(x2 − 2x + 1 )x−1      x2 − 2x + 1 =  (x − 1)2

  y =  (x − 1)2  (x−1)

 To bring the power   2 (x − 1 )     down, take the logarithm of both sides:
   lny = 2 (x − 1 )  ln  (x − 1 )

  y =  e2  (x−1) ln  (x−1)

 Now, take the limit:

    lim 
x→ 1  +

(x2 − 2x + 1 )x−1 =   lim 
x→ 1  +

e2  (x−1) ln  (x−1) =  e
  lim 
x→ 1  +

  2  (x−1) ln  (x−1)

    lim 
x→ 1  +

 2 (x − 1) ln (x − 1) = 2  lim 
x→ 1  +

ln  (x − 1)_
1_

x − 1

   change to a fraction

= 2   lim 
x→ 1  +

(ln(x − 1))′_________

(
1_____

x − 1  )'    = 2  lim 
x→ 1  +

1_
x − 1_

−(
1_

x − 1)
2 = 2  lim 

x→ 1  +
(  1 − x) = 0

Finally,

    lim 
x→ 1  +

(x2 − 2x + 1 )x−1 =  e
  lim 
x→ 1  +

  2  (x−1) ln  (x−1)
=  e0 = 1 

      The limit of product is the 
product of limits and
lim ex =  ∞ 

      x2 − 2x + 1 =  (x − 1)2

   change to a fraction
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12 Module 1: Limits and continuity

ACTIVITY 1.2� Finding limits using L’Hospital’s rule

1.	 Verify whether the given limits are indeterminate forms. Find the limits if they exist.

a)	​​  lim​ 
x→2

​ ​​ ​x​​ 2​ − 4 ______ x − 2 ​​	

b)	​​  lim​ 
x→−1

​​​​ 3x2 − 1 ______ 1 + x ​​

c)	​​  lim​ 
x→−4

​​​​ x
2 − 16 ______ x + 4 ​​	

d)	​​  lim​ 
x→1

​ ​​​x​​ 2​ − 1 _ ln x  ​​

e)	​​  lim​ 
x→1

​ ​​​ x
3 − x2 + 4x − 4  _____________ x − 1 ​​	

f)	​​  lim​ 
x→3

​ ​​​ x
3 − 3x2 − 2x + 6  ______________ x − 3 ​​

g)	​​  lim​ 
x→0

​ ​​​ tan x − x _______ 
x3 − 3

 ​​	

h)	​​  lim​ 
x→−1

​​​ 1 + ​x​​ 5​ _ 
1 + ​x​​ 15​

​​

i)	​​  lim​ 
x→∞

​ ​​  sin x _ cos x + 1​​	

j)	​​  lim​ 
x→∞

​ ​​ ​e​​ 
x​ _ 2x​​

k)	​​  lim​ 
x→∞

​ ​​​ (​x + 1 _ x  ​)​​​
2
​​	

l)	​​   lim​ 
x→−∞

​​​1 − ​x​​ 2​ _ x  ​​

2.	 Calculate ​​ lim​ 
x→1+  

​​​  ln x _ 
​√ 
_

 x − 1​
​​

3.	 Calculate ​​ lim​ 
x→∞

​ ​​ ​e​​ 
x​ _ 

2​x​​ 2​
​​

4.	 Find the following limits:

a)	​​  lim​ 
x→0

​ ​​sin x − x _ 
​x​​ 2​

  ​​

b)	​​  lim​ 
x→π

​ ​​ −sin x _ 
​​ (x − π)​​​2​

​​			 

c)	​​  lim​ 
x→0

​ ​​x − sin x _ tan x  ​​

5.	 Find ​​ lim​ 
x→∞

​ ​​a​x​​ 2​ + bx _ cx + d  ​​

6.	 Calculate the following limits:

a)	​​  lim​ 
x→∞

​ ​​ (​​e​​ 
x​ _ 6 ​ − x)​​	

b)	​​  lim​ 
x→∞

​ ​2x​e​​ −x​​

c)	​​  lim​ 
x→​0​​+​

​​x ln x​	

d)	​​  lim​ 
x→​0​​–​

​ ​​​(​​​x​​ 2​ − 7x​)​​​​x​​

SINGLE
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